We confront the predicted gyroscopic precession (in particular the geodetic precession) from metric f (R) theory with the data provided by the mission, Gravity Probe-B. We find the constraint, |a 2 | < 1.33×10 12 m 2 , where a 2 is the coefficient assessing the strength of the lowest order correction to the Einstein-Hilbert action for a metric f (R) theory with f analytic. This constraint improves over astrophysical bounds provided by massive black holes and planetary precession by five and six orders of magnitude respectively. We also investigate the modification of our result for gyroscopic precession if the oblateness of Earth is taken into account by considering the quadrupole moment J 2 of Earth. As a generalisation, we also present our result for the gyroscopic precession in the context of Brans-Dicke theory with a potential. Considering the wide range of constraints we have in literature for a 2 , we conjecture that f (R), at best can be used as an effective theory whose natural scale is the Planck one or that f (R) evolves with the energy scales (i.e., via a Chameleon-like mechanism). Keywords f (R) · Geodetic precession · Brans-Dicke · Gravity Probe-B (GP-B)
considered. Such theories show improved renormalisation properties [2] without ghost and could also possibly provide an inflationary phase [3] . It is also worthwhile to mention that a particular f (R) Lagrangian was derived as the effective classical Lagrangian leading to the modified Friedmann equations of Loop Quantum Cosmology, both with a metric and a Palatini ansatz [4, 5] .
In the present analysis, a linearised metric f (R) theory where f (R) is taken to be analytic about R = 0 is considered. The (+ − −−) time-like convention is used.
The choice of f (R) to be Taylor expandable about R = 0 is made because of the following reasons [6] :
-It is found that 1 R models do not seem to have the correct Newtonian limit and there is no considerable evidence that they pass the solar system tests [7] .
-It can be shown that 1 R models cause instability in the weak gravity regime [8] .
A metric theory is chosen over the Palatini one because in this case, even a simple polytropic equation of state leads to a curvature singularity for a static spherically symmetric solution [8] . Aslo, we will see later that the Palatini theory is classically equivalent to a singular generalized Brans-Dicke theory.
The linearisation procedure given in [9] is followed. As such, an analytic f (R) can be expanded around R = 0 as
As the dimension of f (R) has to be the same as that of R. We have, [a n ] = [R] (1−n) . Along with that, the requirement of correct GR limit tells us that a 1 = 1, any rescaling will be included in the definition of G.
The vacuum field equations can be written as
Tracing the above equation gives us
Note that for a uniform flat spacetime, R = 0, which gives [10] a 0 = 0,
which tantamounts to saying that for such solution to exist the cosmological constant cannot be present.
In analogy with the Einstein tensor of GR, we define the following
so that in vacuum, we get G µν = 0.
We are interested in considering the case of a perturbed metric about a Minkowski background, g µν = η µν + h µν , similar to standard analysis done in GR. The linearised connection is found to be
while the linearised Riemann tensor is given by
where as usual the flat metric is used to raise and lower the indices.
The linearised Ricci tensor is obtained by the self contraction of the above equation to give
while a further contraction with the flat metric gives the Ricci scalar
We expand f (R) with the help of a Maclaurin series to the first order in h µν as f (R) = a 0 + R (1) ,
Perturbing around a Minkowski background where the Ricci scalar vanishes, we use equation (4) to set a 0 = 0 and insert the resulting equations in (5)
From the linearised trace equation, (3), we get
where G (1) = η µν G (1) µν . We observe that this is the massive inhomogeneous Klein-Gordon equation. We can obtain the standard Klein-Gordon equation for a vacuum solution in f (R) at all orders of perturbation by setting G = 0.
Where a reciprocal length is defined as
For physically meaningful solution, we require that Υ 2 > 0 and hence f (R) is constrained such that a 2 < 0 [11, 12, 13, 14] . From Υ , a reduced Compton wavelength associated with the scalar mode is defined [9] .λ
Searching for wave solutions, the linearized Einstein tensor and its trace is expresssed in terms of the perturbation of the background flat geometry, h µν and h. As a consequence, a quantityh µν is needed such that it satisfies a wave equation and is related to h µν bȳ
Generally a trace-reversed form is used in GR, where A µν = − h 2 η µν . However, it is observed here that this will not be sufficient for a wave solution in this particular case. Hence, we introduce the following ansatz to look for a solution
where B µν is a rank-2 symmetric tensor. We have h µν , η µν , R
µν , and ∂ µ ∂ ν as the rank-2 tensors in our theory. We notice that B µν needs to be first order in h, and it should depend on f (R). Using the following ansatz, this can be easily done [9] 
Here a 2 is required for dimensional consistency and b is just a dimensionless number. If we contract the above with the flat metric, then it gives
We eliminate h in (20) to obtain
Similar to GR, a gauge freedom is evident [15] since the field equations are gauge invariant (As the Lagrangian is a function of gauge invariant Ricci scalar). Similar to GR, a de Donder gauge is assumed ∇ µh µν = 0,
which can be expressed in flat spacetime as
Subject to the above conditions, the Ricci tensor (9) can now be expressed as
Contraction of the above results in
We replace G (1) above by equation (14), the Ricci scalar becomes
The above expression is used in (13) to give
Without a loss of generality, fixing b = −1, such that the last term above disappears and equations (20) and (22) changes to [14, 16] h
From (27), the Ricci scalar can now be expressed as
To remain consistent with (14) , we require that
Using the above expression in (28) and setting b = −1, we obtain
We observe that if a 2 is sufficiently small such that it can be neglected, the equations (32) and (33) give us the results found in GR.
Adding a source term T µν , the linearised equations are found at the first order in perturbation theory
which we rewrite as
which is the tensor mode wave equation. For the scalar mode, using (34) in (14) and remembering (16) , the following equation needs to be solved
In order to solve the above two equations, (36) and (37) with the source, the following Green function is introduced
where the operator acts on x, and G Υ is given by
A contour integration method is used to solve the above to give [17] 
where, t = x 0 , t ′ = x ′0 and r = |x − x ′ |.
Since the graviton is still massless, we see that there is no associated mass with the tensor equation (36) . Hence, the relevant Green function is for Υ = 0
that is the retarded time Green function. Using the above to solve (36), one obtains
The scalar mode equation (37) can be solved as
Going to the Newtonian limit and considering a stationary, point source mass distribution, i.e.
where the mass current is given by j = ρv. And then we have
Hence we get,h
To find R (1) , we define the following in the equation (40) f
Hence from equation (42), we obtain
Now, insertingh =h 00 , (16), (44) and (46) in (22) , we obtain
In a similar manner, we can show that the purely space component takes the form
In addition to this, we can extend the result and consider a slowly rotating source with angular momentun J, and we get an additional termh 0i = h 0i [9, 18] .
Now, we can define as usualh 00 ash
where Φ is the scalar potential. Various authors have used different definitions for this potential. While a few have taken it with an overall + sign like in [18] , some uses the definition with a − sign as in (50) [19] .
In a similar manner, we can defineh 0i as [18, 19] 
where A i is the vector potential.
Taking into account the expression of the metric perturbation for purely time component (47), purely space component (48), and (51), we get for the line element in metric f (R)
where Φ = GM r is the scalar potential.
Let us now define the following symbols
so as to write the line element in the following concise form
2 Post-Newtonian Approximation
To derive the expression for gyroscopic precession frequency, we need to resort to post-Newtonian approximation given that it is a higher order effect [15] . So, in considering a motion of a particle in the above metric, we shall consider terms upto order v 4 r where v is the velocity and r is the radial distance of the particle. We will derive the complete precession frequency and then later, we will make the distinction between the Lense-Thirring part and the geodetic part.
The equation of motion of a particle is given by the so called geodesic equation.
where Γ µ νλ is the affine or the Levi-Civita connections and τ is a scalar parameter parametrising the geodesics. In principle, τ can be any scalar parameter but in our particular case, dτ will be taken to be the proper time. From the geodesic equation and by employing the product rule of derivatives, we can compute the acceleration of the particle trivially as [15] 
where dt is the time. This can be further expounded as
In Newtonian approximation, we treat the velocities to be vanishingly small and we keep only terms of first order in the difference between the g µν and η µν . So, we get for the acceleration
In post-Newtonian approximation, we want to deter-
Hence, for finding the acceleration, (60), in the regime of post-Newtonian approximation (∼ v 4 r ), we need the following components of the connection
We have
where the superscript number over the metric derivatives also denotes the v N r behaviour.
Gyroscope Precession
A free falling particle will have a four-velocity, U ν = dx ν dτ and Spin S µ . From principle of general covariance, the spin of a particle in free fall precesses according to the parallel transport equation [15] which is given by
Also, S µ is orthogonal to the velocity and hence, we have
Or in other words, if we resolve it into time and space components, we can write the following
We set µ = i in equation (65) and multiply by dτ dt and use (67) to eliminate S 0 , which then gives us the following expression
Now, if we observe the above expression, we will realise that post-Newtonian approximation allows us to evaluate coefficients of S j on the right hand side of the above equation to order v 3 r , which then gives us
The last term in (68) drops out because the term, 1 Γ 0 ik , is not present in the post-Newtonian approximation as we have already discussed in the preceding section, i.e., equations (62), (63), (64).
To calculate (69), let us recall the particular metric solution of f (R) that we discussed previously, i.e. Eq.(55) in (− + ++) signature. So, we have the following line element given by
Now, the second term in (62) is zero as β doesn't depend on time, and hence (62) becomes
and the component (63) becomes
while, the component (64) becomes
Hence, the first term of (69) will yield the following
Now if we look at the second term of (69), it becomes
while the third term of (69) can be written as
As a result of the above calculations, (69) will become
To solve (79), we use the fact that parallel transport preserves the value of S µ S µ , so that we will have
The rate of change of S as seen from (69) is S times v 3 r , so we want to keep the terms in g µν − η µν whose rate of change is comparable as seen by a particle moving with velocity v, i.e., those terms whose gradient is of order v 2 r . Here, g µν may be replaced in equation (80) with η µν + h µν .
Furthermore, S 2 0 is already of order v 2 with respect to S 2 , so we need not keep h 00 . So, finally, we will have
Using (67) in above equation, we get
From now onward, we put c = 1 for sake of convenience albeit we shall introduce it later for dimensional consistency.
As done in case of GR [15] , we shall start by introducing a new spin vector ζ, such that
To the required order, we can invert equation (84) trivially by vector multiplication and use the properties of vectors to see that
Similarly, one can also check that ζ 2 = constant. The rate of change of ζ is given to order v 3 r S by treating S as constant everywhere it appears with coefficients of order v 2 which can then be written as
Since we are interested in determining this quantity to order v 3 r S, the last term is neglected as it is of higher order than required and the first component in the second term in the above equation is put to zero as β doesn't depend on time. So, the above expression simplifies to
Now, by setting dv dt = −∇α, the above expression yields
Using equation (79) in above equation, we get
At this point, one can check whether the above calculation is correct by setting ∇α and ∇β as ∇Φ where Φ = GM r and confirming it with the GR result as given in [15] . Now, from the definitions of α and β already introduced, (53) and (54), let us rewrite this quantities as
and
with F = exp (−Υ r) 3 . This implies that β can be expressed in terms of α trivially as
and, so, after some calculations and replacing the value of α again, equation (89) can be rewritten as
To order v 3 r ζ, we can just replace S with ζ given that by doing so we only miss higher order terms. So, after using some vector identities, we end up with the following expression for the rate of change of the ζ
which can be expressed concisely as
where, Ω GR is given by
and corresponds to the angular frequency of precession for a gyroscope in GR [15] .
Equation (95) can also be written as
which is the Euler's rotation equation in the absence of torque and where Ω f (R) is the f (R) corrected angular frequency given by
In our calculation, we have the following quantities as discussed in the section 1
After executing a series of vector manipulations,(98) gives us (See appendix 6.
2)
The first three terms are exactly the same as in GR case [15] 1 . So, we can now write it as
This is the expression for the metric f (R) corrected gyroscopic frequency when f (R) is analytic. The first two terms in (101) represents an interaction between the spin orbital angular momenta of the Earth and the gyroscope and are responsible for the so called Lense-Thirring Precession. The last two terms which depends only on the mass of the Earth and not on the spin make up the so called Geodetic Precession.
Discussion on the Geodetic precession frequency
f (R) gives a contribution to the geodetic precession, i.e., to the third term in the expression (101).
-However, f (R) doesn't alter the Lense-Thirring precession (first two terms in the expression (101) which is also a consequence of the result that taking an analytical expansion of f (R) gives us the exact similar linear equations to GR.
f (R) increases the total precession frequency but decreases the absolute value of geodetic frequency since we have
But the correction is quite small if large distances are taken in consideration.
Constraints on Υ from Gravity Probe-B (GP-B)
If for simplicity, we take the gyroscope orbit to be circular with radius r and unit vectork to be the normal to the orbit, we have the following expression for velocity
But the expression for Ω geodetic as written in the third point of the above discussion is not enough for the experimental verification as we have derived the results for a spherical Earth whereas in practice, Earth is not spherical but oblate. Hence, we have to take in consideration the oblateness of Earth. For that purpose we will make the following consideration:
Since the f (R) corrections are relevant at small Υ and small distances, the third term in Ω geodetic will be negligible as compared to the first two terms. So, for the following calculations, we will consider only the first two terms.
As a result, we have the following angular frequency
Where, g = GM r 3 r, is the gravitational acceleration at the location of the gyroscope and we have introduced the square of the velocity of light, c 2 , for dimensional consideration.
The total geodetic precession (GR term plus the oblateness correction) was calculated in [20] and [21] using rather elaborate analytical techniques. Here, we use the convenient derivation and terminologies given in [22] to extend it to the f (R) correction
To calculate the f (R) corrected geodetic term along with the oblateness correction, we compute, g × v, for an actual orbit around the oblate Earth 6.1.
While doing so, we neglect the second order terms in the Earth's quadrupole moment, J 2 , and the mean eccentricity, e, and go through the calculations given in [22] but using our expression for Ω geodetic (104). Since the satellite was inserted in the polar orbit, we consider only the polar orbit result for the geodetic angular frequency. Hence, we arrive at the following expression after taking the average per orbit 6.1.
For further calculations, we need the knowledge of the actual cartesian inertial frame used by GP-B for data reduction [23] . Let us write x = x 1 , y = x 2 , z = x 3 for the cartesian coordinates of the inertial frame JE2000 [24] , with the unit vectorsx =x 1 ,ŷ =x 2 ,ẑ =x 3 along the corresponding axes. It is natural to set one axis in the direction of the guide star (GS) with unit vectorê gs such thatê gs = cos δ cos αx + cos δ sin αŷ + sin δẑ, 
The index WE stands for West-East direction perpendicular to the ideal orbit plane, in which the gyroscope drifts due to the relativistic Lense-Thirring effect. The third axis is defined in the usual way:ê ns =ê we ×ê gs .
The unit vectorê ns lies in the ideal orbit plane and is orthogonal toê gs , the geodetic relativistic drift goes in the NS (North-South) direction.
Using expression (106) for (107) and (108), we find for the basic frame JE2000:
e we = sin αx − cos αŷ.
Thek in the equation (105) is indeed theê we direction for the GP-B coordinates.
As such, for the precession rate R ≡ dζ dt = Ω × ζ, we get
Where, 
and we have the following constraint
After using standard values for the quantities andr = 7018 km, we get 1.3048 × 10 −13 exp(−Υr) rad s −1 . We have to convert it into mas/year. So, after doing the conversion, we get 735 exp(−Υr) mas/yr, and finally obtain 735 exp(−Υr) < 22.6,
which implies Υ > 0.5 × 10 −6 m −1 and hence |a 2 | < 1.33 × 10 12 m 2 .
Discussion on the constraints of Υ
In [9] , a 2 was computed for various test. Considering the phase of a gravitational waveform, estimated deviations from general relativity could be measurable for an extreme-mass-ratio inspiral about a 10 6 M ⊙ black hole if |a 2 | 10 17 m 2 , assuming that the weak-field metric of the black hole coincides with that of a point mass which seems to rule out GR in the particular regime. While the planetary precession gave a bound of |a 2 | 1.2×10 18 m 2 [9] , and the strongest constraint was placed by Eöt-Wash experiment [27, 28] , a laboratory experiment giving a constraint |a 2 | 2 × 10 −9 m 2 . A similar bound is quoted in [29] . Our calculation for the geodetic precession, gives a bound intermediate between the planetary precession and Eöt-Wash experiment, i.e., |a 2 | < 1.33 × 10 12 m 2 .
Indeed, our satellite-scale observation is much weaker than the laboratory bounds. However, it is still of investigative interest as it probes gravity at a different scale and in a different environment altogether. Moreover, we cannot assume f (R)-gravity to be universal, as one cannot exclude that it may be different in different regions of space or it may vary with the energy scales. The limits on a 2 from GP-B depends on several parameters pertaining to the satellite like the orbital radius. However, if the laboratory bound is indeed universal, observation of a deviation would mean that GR failed and suggest that a 2 would have to vary with the environment. Along witht that, in Quantum field theory, all couplings run with energy [17] . Hence, it is possible that a 2 depends on the energy scales of the environment and therefore on the position in space-time.
A chameleon mechanism could help us in explaining the variation [9] , where f(R)-gravity is modified in the presence of matter [30, 31, 32] and the metric f (R) has a non-linear effect which arises from the large departure of the Ricci scalar from the background value [33] . Also, the mass of the effective scalar degree of freedom depends on the density of the environment [34, 35] . On Earth, we have high density and hence a high Υ or frequency of the scalar mode which suppresses the deviations from GR, while at the scale of GP-B, we have a relatively low density and hence a small Υ .
Also, we make a note here that, metric f (R) with f analytic does not provide us with an improvement on the Lense-Thirring effect as it can be seen from the first two terms of the gyroscopic precession (101). However, we will see in the following section, that an improvement can indeed be expected by considering a Brans-Dicke theory with a potential.
Gyroscope precession in Brans-Dicke with a potential
It is natural to ask what would be the gyroscopic precession frequency in a more generalised setting given that metric f (R) is a special case of the Brans-Dicke theories as we will see later. The action of Brans-Dicke with an arbitrary potential in Jordan frame is
Here, the scalar field, φ, has been coupled to a dimensionless constant called the Brans-Dicke parameter, ω, and V (φ) is any arbitrary potential. We should note that the scalar field φ canonically does not have the dimension one but dimension two like that of the Newton's constant.
The field equations are
where the trace of the matter energy momentum tensor, T µν is given by T , and g is the d'Alembertian operator with respect to the Jordan metric. Let us investigate how the weak field equations look like [36, 6] . As such, we consider the following expansion
where φ 0 and ξ are a constant value of the scalar field and the small perturbation to the scalar field respectively, while rest of the symbols have their usual meaning. A new tensor can be defined as the following [37] 
and for which the Brans-Dicke gauge must be true
The weak field equations up to second order are
where η = η µν ∂ µ ∂ ν is d'Alembertian of the flat spacetime and other symbols have their usual meaning, while the term S is given by
where the subtext lin tells us that the terms must be properly linearised.
The relation between flat and curved spacetime d'Alembertians is used in this derivation
The arbitrary potential V is assumed to be a well behaved function and it is Taylor expandable around a constant value φ = φ 0 so that [36] 
where φ 0 is the expected minimum of the potential and hence the term dV (φ 0 ) dφ disappears. So, the relevant terms in the linearised equation are given by
therefore the field equations (122) and (123) changes to
where
A particle located atr = 0 is considered, wherer 2 =x 2 +ȳ 2 +z 2 and T µν = M δ(r). The solution of the scalar field equation (129) is given by
The solution to (128) are
The trace θ can be written as
while from the inverse of (120), we get
In order to express the solution in isotropic coordinates, the following transformation is employed [38] x
We then get
The full metric components are given by
Now to compute the precession frequency, we follow the steps previously done for metric f (R). And, hence, without going into explicit calculations, we can directly recall (89) for the rate of change of the defined spin vector ζ which is given by
where now the definitions of α and β will change in accordance with the line elements. In this case, those are given by the following two expressions
Let us now define the following quantities, just like we did in the previous section of metric f (R)
where, we have defined
Using the above notations, we can now write the rate of change of spin ζ as
which can then be conveniently expressed as
which is the Euler's rigid body rotation equation without torque and where Ω BD is the gyroscopic frequency in the Brans-Dicke theory
To compute the above expression, we have to first calculate the gradient of the quantities defined in (148)
The first term of (151) can be computed by replacing G in (100) by 1 φ 0 such that
Following the steps previously done for the case of metric f (R), where f (R) is analytic function of the Ricci scalar, we finally get for the gyroscopic precession in the context of Brans-Dicke
(156) Note that Palatini f (R), when put in the form of a Brans-Dicke class does not gives a vanishing Kinetic term similar to metric f (R). The kinetic term, indeed has a coupling parameter ω = − 3 2 [39] .
From (156), we see that ω = − 3 2 is indeed a singular point for some of the terms, and hence, we can safely conclude that the gyroscope precession in the case of Palatini f (R) is at best ill defined and surely deserves further investigation.
Gyroscopic precession in metric f (R) theory for arbitrary function
We will first see how metric f (R) can be written as a Brans-Dicke class theory.
The action of metric f (R) theory is
Here the symbols have their usual meanings and κ = 8πG c 4 . An auxiliary field χ is introduced so as to write a dynamically equivalent action [40] :
Variation with respect to χ results in
iff f ′′ (χ) = 0.
We redefine the field χ by Φ = f ′ (χ) and set
which transforms the equation as
We observe that metric f (R) is similar to the action of Brans-Dicke theory with ω = 0 or with a vanishing kinetic term, and hence we get from (156)
(162) This expression, in principle, can be used to find the gyroscopic precession frequency induced by any arbitrary function of f (R) provided that we chose a metric variation.
Gyroscopic precession in metric f (R) (f analytic)
First, we will evaluate V 0 , with the assumption that f (R) is an analytic function and can be Taylor expanded as
As χ = R and Φ = f ′ (χ) = f ′ (R), the expression of potential can be written as
where only the relevant terms of f (R) (11)(12) have been introduced. Now, since R (1) = ∂ µ ∂ ρ h ρµ − h (10) is at least second order derivative of the metric perturbation, we can neglect it in the expression of precession frequency which is a linear one and hence end up with the following expression
Now let's compare it with the expression of precession frequency that we have obtained directly from the linearised theory and is given by (101)
We can immediately make the observation that for the two approaches to be equivalent, we must require that m s = Υ (Taking in consideration that in the expression for gyroscope precession frequency for generalised Brans-Dicke , the gravitational constant, G, is taken to be unity). As such, from (130), we must have
From (164) and using the quantities (11)(12)
where R (1) is the linearised Ricci Scalar, we can prove the expression (167). Indeed, one can show that (See appendix 6.3)
and given that
while from (12) , f ′ (R) = 1 + a 2 R (1) , we have
Making use of (171) in (169), the second term in (169) goes to zero being the second derivative and we are left with
Now, for stability arguments, φ 0 has to be the minimum of the potential. To find the minimum of (164), we have
Again, from (171), the above expression can be written as
which gives us the minimum value of φ 0 , i.e.,
Hence, after substituting the found minimum value in (172), the following result is derived
We have made the argument that a 2 needs to be less than zero for Υ 2 to be positive (since Υ 2 = − 1 3a 2 ) which is necessary for physical solutions of the massive KG equation pertaining to the scalar mode. Also, in this theory, we remember that m 2 s is positive as well (see (130)). Hence, we put a minus sign in (176) and get
so proving equation (167). This demonstrates that the two approaches, one in which we have considered f (R) to be analytic in the beginning and the second one, where we have considered a Brans-Dicke theory with an arbitrary potential and searched for an expression of gyroscope precession frequency for metric f (R) are equivalent. This also gives us a self-consistent non-trivial sanity check for both the methods.
The equation (165) also reduces to that of GR, since m s = Υ and φ 0 = 1 as shown already and in the GR limit, Υ → ∞, i.e., a 2 → 0 and we just remain with the first three terms in (165) which is the GR result.
Discussion and Outlook
In the work, we have presented the derivation of the gyroscopic precession frequency in the context of metric f (R) theory. Since we had to match our results with the data of Gravity Probe-B mission, which is a precision experiment, we had to take into account the oblateness of Earth in our expression for the Geodetic precession frequency. As such, a concise derivation of the same was presented taking in consideration the quadrupole moment of Earth's potential.
This was followed by an extremely brief account of the GP-B coordinates used for data reduction purpose, the latter was necessary because the coordinates used for GP-B were not the traditionalî, j,k coordinates but were specially constructed taking into account the guide star IM Pegasi. After doing the needful, we could derive the constraint, |a 2 | < 1.33 × 10 12 m 2 , which is promising when compared to the astrophysical bounds so far provided by massive Black Holes and solar-system tests [9] but at the same time, it is much weaker than the tight bounds provided by laboratory tests like the Eöt-Wash experiment [9, 29] .
Albeit our constraint is weaker than the lab one, still it is derived in a completely different regime of scales. A chameleon mechanism could lend further justification to pursue the large scale constraints in parallel to the lab ones, leading to different values for a 2 depending on the density of the environment [30, 31, 32, 34, 35] .
We concluded the paper by presenting our calculation for Gyroscopic Precession in the context of Brans-Dicke theory with a potential and then subsequently verified its f (R) and GR limits.
(inclination with respect to the equatorial plane of earth), the circle being described at a constant rate [22] is given byθ
while the precession rate about the North Pole iṡ
where M and R e are the mass and the mean equatorial radius of the Earth respectively.
The actual position of the satellite is displaced from the mean position by δr and δθ in the precessing plane, as follows [22] δr =r 1 4 J 2 R ē r 2 sin 2 i cos 2θ − e cos(θ − θ p ) ,
where θ is measured from the equator, and θ p is the phase angle defining the direction of perigee of the Keplerian ellipse on which the perturbations of J 2 are superimposed.
Using the usual unit vectors,î,ĵ,k, withî vertically upward,ĵ forward andk perpendicular to the precessing plane, the actual position to the first order can be written as r = (r + δr)î +rδθĵ.
And then the angular velocity of the unit vector frame is
whereN =î sin i sin θ +ĵ sin i cos θ +K cos i is a unit vector directed northward along the earth's polar axis. As a result, the actual velocity relative to the Earth's centre is v = δṙî +rδθĵ + ω F × r.
Using (180), (181) and (183) in the above equation, we will get to the first order, the following expression v = (δṙ−rθδθ)î+ θ 1 − 3 2 J 2 R ē r 
The local gravity upto second order Legendre polynomial which can be found in literature by taking the multipole expansion of the potential and then taking the gradient is given by
Evaluation of the terms of geodetic frequency
In our calculation, we have the following quantities
